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Abstract Recently there is a lot of attention given to manip-
ulation of heat by constructing thermal devices such as ther-
mal diodes, transistors and logic gates. Many of the models
proposed have an asymmetry which leads to the desired ef-
fect. Presence of non-linear interactions among the particles
is also essential. But, such models lack analytical under-
standing. Here we propose a simple, analytically solvable
model of a thermal diode. Our model consists of classical
spins in contact with multiple heat baths and constant ex-
ternal magnetic fields. Interestingly the magnetic field is the
only parameter required to get the effect of heat rectification.
1 Introduction
Recently heat transport in microscopic systems has attracted
a lot of attention. These studies mainly involve studying heat
transport in terms of verification of Fourier’s law at molec-
ular scale using detailed microscopic models [1–6]. Look-
ing at the working of small scale devices, such as engines,
thermal/electronic pumps or analogous thermal rectification
devices like diode, transistors, logic gates etc. is also of in-
terest [7–15]. These effects have been studied in classical
as well as quantum mechanical systems, and have also been
realized experimentally [16–25]. Thermal diodes, transistors
and logic gates have been modeled using classical harmonic
oscillator chains with non-linear interactions and acted upon
by different on-site potentials [7, 8, 10, 15]. The mismatch of
the on-site potentials and phonon modes as well as the non-
linear interactions play crucial role in such models to get the
desired effect of heat rectification. These thermal devices
were also modeled using classical spins [26–28]. In these
models anisotropic parameter and mismatch of the spin flip-
ping rate at the interface of two spin networks in contact
ae-mail: maratherahul@physics.iitd.ac.in
with different heat baths are the underlying factors for the
rectification of heat current.
Due to non-linear interactions among the constituents
analytical understanding becomes difficult. However, many
interesting analytical attempts have been made to understand
basic principles behind heat rectification, for example in har-
monic chains with quartic potential [29] as well as study-
ing sufficiency conditions for thermal rectification [30]. In
mass-graded harmonic chains with temperature dependent
effective potential [31] and also in quantum harmonic chains
[32]. Here we propose a simple model of a thermal diode
which is in principle analytically tractable. Our model con-
sists of coupled classical spins, with nearest neighbor inter-
actions. One segment of the spins is in contact with a ther-
mal reservoir at temperature TL and the other with a thermal
reservoir at temperature TR. Spins are also acted upon by
external constant magnetic fields hL and hR respectively. In-
terestingly the externally applied magnetic field is the only
control parameter for our thermal device.
The paper is organized as follows. We first describe the
model of the thermal diode then we provide the results for
this model. We conclude with a discussion of our results.
2 Model
The system we consider is divided into left and right seg-
ments. The left (suffix (L)) segment has NL number of Ising
spins and right (suffix R) segment has NR number of Ising
spins as shown in Fig. 1. The Hamiltonian of the system is
given by:
H =−J∑
〈i, j〉
σi σ j−µhL
NL
∑
i=1
σi−µhR
NR
∑
i=1
σi, (1)
where, J is the interaction energy between the spins, µ
is the magnetic moment of spins, hL and hR are the external
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Fig. 1 Schematic diagram of thermal diode with classical Ising spins.
The red (left) segment consisting NL spins subjected to an external
magnetic field hL and in contact with heat bath at temperature TL. The
NR spins in blue (right) segment are in contact with heat bath at tem-
perature TR acted upon by a constant external magnetic field hR.
magnetic fields. Each spin can take two values σi=±1 and
〈i, j〉 represents nearest neighbor interaction. Since the spins
are in thermal contact with the temperature reservoirs, the
flipping of the spins is a stochastic process and the master
equation governing this stochastic evolution of probabilities
is:
∂ Pˆ({σ} , t)
∂ t
= Tˆ Pˆ({σ} , t), (2)
where Tˆ is the Transition Matrix, Pˆ({σ} , t) is the spin dis-
tribution function, where {σ} represents spin configuration
at time t, such that Pˆ({σ}, t) = Pˆ(σ1,σ2, ..., t).
The dynamics of the spins with respective heat baths is
modeled by a Metropolis algorithm generalized to accom-
modate multiple heat reservoirs. The choice of algorithm is
generic and our results qualitatively do not depend on partic-
ular form of the flipping probabilities, for example Glauber
dynamics. The elements in the transition matrix Tˆ give the
rates of transition from one configuration to other. If a spin
flips then the rate of this flip is given by:
rL,Rσi = min(1, e
−βL,R∆EL,R), (3)
where, βL,R = 1/kBTL,R is chosen depending on which seg-
ment the spin belongs to and ∆EL,R= 2J(σiσi−1+σiσi+1)+
2µhL,Rσi is the difference in the energy after and before the
flip. In our analysis we have chosen the Boltzmann constant
kB and µ to be unity. For larger system sizes one may also
resort to Monte Carlo simulations where a spin is chosen at
random and is flipped with probabilities given above. Here
the flipping probability is nothing but the rate rL,Rσi multiplied
by the the time step dt. In each dt time step only a single spin
flip is allowed.
This modified Metropolis algorithm for multiple heat
baths allow us to write general expression for the heat cur-
rents in the system. Q˙L,R are the heats coming from the left
and the right baths respectively. In our model, heat coming
into the system from the reservoirs is taken to be positive.
The expression for the heat currents are:
Q˙L,R = ∑
{σ}
rL,Rσi ∆EL,RPˆ({σ}). (4)
In principle for any system size, given the transition matrix
Tˆ , Eq. (2) can be solved analytically in the steady state.
Since in the steady state ∂ Pˆ∂ t = 0, thus Pˆ({σ}) is nothing but
the eigenvector of the matrix Tˆ corresponding to the eigen-
value zero [33]. Once the steady state probabilities Pˆ({σ})
are obtained, both heat currents can also be evaluated. In the
next section we describe the working of the thermal diode
using definitions above.
3 Thermal Diode
We now describe working of our model as a thermal diode.
Here we give a particular example for a small system con-
sisting of just two Ising spins, first one in contact with a bath
at temperature TL and second with TR. We fix hR = 0 with-
out loss of generality. With these parameters and Eq. (3) we
can determine the matrix elements of Tˆ . Using steady state
probabilities P(σ1,σ2) along with the normalization condi-
tion ∑
σ1,σ2
P(σ1,σ2) = 1, heat currents defined in Eq. (4) turn
out to be:
Q˙L = 2(J+µhL)
[
e−2βL(J+µhL)P(1,1)−P(−1,1)
]
+2(µhL− J)
[
e−2βL(µhL−J)P(1,−1)−P(−1,−1)
]
,
Q˙R = 2J
[
e−2βRJP(1,1)−P(1,−1)−P(−1,1)+ e−2βRJP(−1,−1)
]
.
(5)
where,
P(1,1) = e2βLµhL+βRJ [eβL(J−µhL) cosh(βL(µhL− J)+βRJ)
+cosh(βRJ)]/D ,
P(1,−1) = e2βLµhL−βRJ [e2βRJ−βL(µhL+J) cosh(βL(µhL+ J)−βRJ)
+cosh(βRJ)]/D ,
P(−1,1) = [e−βL(J+µhL) cosh(βL(µhL− J))
+ cosh(2(βL−βR)J)]/D ,
P(−1,−1) = eβRJ [eβL(J−µhL) cosh(βL(µhL+ J)−βRJ)
+ cosh((2βL−βR)J)]/D ,
D = 2cosh(βRJ)[e2βLµhL cosh(βRJ)+ eβRJ cosh(2βLµhL)]
+ 2
[
eβRJ+ cosh(βRJ)
]
cosh((2βL−βR)J),
Eq. (5) is the steady state expression for Q˙L and Q˙R in
terms of P(σ1,σ2). After some simplification we get:
Q˙L = 4 J sinh(2(βR−βL)J)/D ,
Q˙R = 4 J sinh(2(βL−βR)J)/D . (6)
3(a) (b)
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Fig. 2 The parameters used are J = 1, hL = 10, T0 = 10, and hR = 0. (a) Heat current versus the temperature bias for the system with two Ising
spins. The plot consists the results from numerical techniques, simulations and analytical solution of the Master Equation. (b) Heat current versus
the temperature bias for different system sizes. (c) Heat current versus the interaction term J. Here hL = 10 and hR = 0. For forward biased case
TL = 19 and TR = 1, and for the reverse biased case TL = 1 and TR = 19. (d) Spin flip fraction versus the temperature bias for the system with two
Ising spins. The plot shows the fraction of first spin and the second spin flips in a simulation. Zero line is just a guide for the eyes.
Fig. 3 Plot of heat current versus ∆ for different reference tempera-
tures T0 for a two spin system with J = 1, hL = 10, hR = 0.
The heat currents Q˙L and Q˙R are related by just a sign
change. Also the heat currents vanish when TL = TR, as ex-
pected.
To study the characteristic of working of a diode, we
define, TL = T0(1+∆) and TR = T0(1−∆) where ∆ is rel-
ative temperature bias and T0 is the reference temperature.
Negative values of ∆ correspond to reverse biased operation
(TR > TL) and positive to forward biased operation (TL >
TR). We plot the heat current Q˙L as a function of ∆ . In Fig.
2(a) the graph shows comparison of results obtained from
direct simulations, numerical solution of the Master equa-
tion and exact solution Eq. (6). Data from all the three cal-
culations match perfectly. We can see that in the reverse bi-
ased case thermal current is extremely low as compared to
the forward biased case. In Fig. 2(b) we show the results for
systems with different system sizes. The graphs again de-
pict that our model works as a thermal diode even for larger
systems. It is well known that the asymmetry in the sys-
tem causes rectification. In the model considered here, the
unequal magnetic fields on the two segments provide this
asymmetry, making it work as a heat rectifying device.
From Fig. 2(c) it can be observed that the heat rectifi-
cation occurs only when J is less than µhL. This happens
4because in the forward biased mode TL > TR and though the
spin experiences magnetic field hL, thermal energy domi-
nates and the left spin flips, resulting in large current from
left to right bath. However in the reverse biased case mag-
netic field hL dominates over the interaction energy J and
since TL < TR, thermal energy is not enough to flip the spin.
Hence, the current reduces drastically. To quantify this, in
Fig. 2(d) we plot the fraction of number of flips of the first
and second spin as a function of ∆ . In the reverse biased
mode number of spin flips of the first spin are negligibly
small as compared to the second spin, resulting in small cur-
rent. But as we go from reverse biased mode to forward bi-
ased mode they slowly become comparable to each other
and a large current flows in the system. We can also ob-
tain asymptotic values of Q˙L,R when ∆ →±1. Notice that as
∆ → 1, TL→ 2T0 and TR→ 0 hence terms with βR dominate
conversely when ∆ →−1, TL→ 0 and TR→ 2T0 and terms
with βL dominate. From the Eqs. (5) and (6) some simple
algebra results into:
Q˙L→

4J/A ,∆ → 1
−2J exp(−2βRJ)
(Bexp(2βL(µhL−J)) + C) ,∆ →−1,
(7)
where:
A = 2exp(2βL(µhL+ J))+ exp(2βL(J−µhL))+3,
B = cosh(βRJ)(2cosh(βRJ)+ exp(βRJ)) ,
C = 1+ exp(−βRJ)cosh(βRJ).
It is straight forward to check that in the forward biased
mode current approaches a finite positive value and in re-
verse biased mode, only when µhL > J, current approaches
zero from below as seen from Fig. 2(a), (c). For particular
values of the parameters namely ∆ =−0.9 and T0 = 10, we
have TL = 1.0 and TR = 19.0, with hL = 10.0 and hR = 0, we
get Q˙L ∼ 10−10 and for ∆ = 0.9 it is ∼ 0.35. Fig. 3 shows
the diode operation for different reference temperatures T0.
Finally we study the rectification efficiency of our de-
vice. For this we define the rectification factor R:
R=
(
Q˙L− Q˙R
Q˙R
)
×100%, (8)
where Q˙L is measured when the device is in the forward bi-
ased mode and Q˙R when it is in the reverse biased mode.
Recent study has shown that this factor can be made inde-
pendent of the system size with a ballistic spacer placed be-
tween two anharmonic chains [35]. We plot rectification fac-
tor for our model for different parameters in Fig. 4. We can
clearly see that for almost all parameters R can be made very
large.
In heat conduction problems involving linear harmonic
oscillators, heat current turns out to be proportional to the
temperature difference (TL−TR) [4, 12], for such a system
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Fig. 4 Plot of rectification factor R versus different model parameters.
Parameters wherever applicable are J = 1, hL = 10. (a) R versus ∆
here T0 = 10. (b) R versus T0 with ∆ = ±0.6 in forward/reverse bi-
ased mode. Here hL may also be increased with T0, so that R does not
decrease. (c) R versus TL where TR = 10 is fixed and TL varied. (d) R
versus hL parameters used are T0 = 10, ∆ = ±0.5 in forward/reverse
biased mode.
rectification is not possible unless the interactions are non-
linear [34]. In our model however the current does not de-
pend linearly on the temperature difference as seen from Eq.
(6). Non-linearity is introduced through the flipping rates
Eq. (3). Even then the analytical expressions for the heat
currents are obtained, this distinguishes our model from the
earlier studied models.
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Fig. 5 Plot of heat current Q˙L in the forward biased mode (∆ = 0.8) as
a function of system size N. One can clearly see the 1/N dependence
of heat current on system size. Inset rectification factor R defined in the
text as a function of system size for |∆ | = 0.8. Interestingly R goes to
a constant value as N increases. Other parameters are J = 1, hL = 10,
T0 = 10.
54 Conclusion
To conclude, we have studied a simple model of a thermal
diode composed of classical Ising spins connected to multi-
ple heat reservoirs and are in the presence of constant exter-
nal magnetic fields. Ising spins undergo stochastic dynamics
governed by usual Metropolis algorithm, modified to take
care of multiple heat baths. Interestingly external magnetic
field is the only parameter which makes the models work as
a thermal rectifier. Although our model has a non-linearity
inbuilt in the transition rates, we are able to get analytical
results for any system size. Here we note that, if say NL
number of spins are in contact with reservoir at tempera-
ture TL and NR with temperature TR, the current in large sys-
tem size just scales as ∼ 1/N if NL = NR = N (Fig. 5). On
the other hand rectification factor R seems to become con-
stant as system size increases (inset of Fig. 5), which is an
interesting effect. A similar two-level quantum mechanical
model was studied in [37] where the heat rectification was
observed. Our study thus ascertains that even in classical
discrete systems such a phenomenon is possible. Study on
effect of long range interactions in our model will be inter-
esting. Such interactions seem to increase the rectification
efficiency [36]. However, analytical calculation of heat cur-
rents with long range interactions may not be possible. Ex-
tension of our model to other thermal devices namely tran-
sistors, logic gates is currently underway. We believe exper-
imental realization of such a model is possible in nanoscale
solid state devices.
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